We considered the two-dimensional stress aspect of a fault from the viewpoint of differential geometry. For this analysis, we concentrated on the curvatures of the Airy stress function surface. We found the following: (i) Because the principal stresses are the principal curvatures of the stress function surface, the first and the second invariant quantities in the elasticity correspond to invariant quantities in differential geometry; specifically, the mean and Gaussian curvatures, respectively; (ii) Coulomb's failure criterion shows that the coefficient of friction is the physical expression of the geometric energy of the stress function surface; (iii) The differential geometric expression of the Goursat formula shows that the fault (dislocation) type (strike-slip or dip-slip) corresponds to the stress function surface type (elliptic or hyperbolic). Finally, we discuss the need to use non-biharmonic stress tensor theory to describe the stress aspect of multi-faults or an earthquake source zone.
INTRODUCTION
Various investigations of the differential geometric aspect of faults have been based on the continuum theory of defects (faults) (e.g., Teisseyre 1973 , Nagahama and Teisseyre 2008 , Yamasaki 2009 ). In this case, the faults are recognized as the torsion and the curvature of the strain space-time (e.g., Teisseyre and Shimbo 1995 , Yamasaki and Nagahama 2002 ). In contrast, its dual space (i.e., the stress space-time for faults) has not been the main subject of differential geometric study in geophysics. Only a few efforts have been made to consider the differential geometric structure of the important problems related to the stress aspect of a fault such as the occurrence criterion of a fault and the stress field around a fault. The purpose of this study is to consider the stress aspect of a fault from the viewpoint of differential geometry.
For this analysis, we concentrated on the plane deformation for simplicity. In this case, the differential geometric structure of the stress is characterized by the curvatures of the Airy stress function surface because the specific form of the two-dimensional stress is restricted by the corresponding Airy stress function and the geometric structure of the surface is characterized by the curvature. This approach yields new insights into geophysics, such as quantitative changes in the topography of the stress function surface causing qualitative changes in the fault's stress.
The structure of the stress function in solid mechanics is similar to the structure of the stream function in fluid mechanics. The differential geometric structure of the stream function (the potential in fluid mechanics) has been investigated by Yamasaki et al. (2011) . In this case, we make use of the mathematical property that the stream function is a harmonic function. However, the stress function (the potential in solid mechanics) is a biharmonic function. Thus, the particular complex function approach called the Goursat expression can be used to simplify the calculation. In this paper, we develop the Goursat expression based on the differential geometry.
The structure of this paper is as follows: in Section 2, we review the Airy stress function and derive the Gaussian curvature and the mean curvature of the surface. In Section 3, we consider the occurrence criterion of a fault based on the differential geometric expression of Mohr's stress circle. In Section 4, we reformulate the Goursat expression as the relationships among the curvatures, and apply this geometric expression to the stress field around a fault in Section 5. In Section 6, we discuss the results of this paper based on previous differential geometric study such as the continuum theory of defects (faults). Section 7 is devoted to the conclusions.
AIRY STRESS FUNCTION SURFACE AND CURVATURES

Airy stress function
We considered the plane deformation of isotropic materials in the absence of body forces. The stress aspect of plane deformation is described by plane stress, i.e., normal stress, σ xx , σ yy , and shear stress, τ xy (= σ xy ). The plane stresses satisfy the equilibrium equation: ∂ j σ ij = 0 , where the summation convention is used. The solutions to this equilibrium equation are given by the Airy stress function χ = χ(x, y):
,
.
Let us show that the Airy stress function satisfies the compatibility equation in the ordinary case. The strain e xx , e xy , and γ xy = 2e xy satisfy the compatibility condition: 0 . 
When the material space-time includes the fault-defect field, the right-hand side is not zero. This is expressed as the incompatibility quantity. In this paper, we consider the simple dislocation (i.e., not the defects array), so the incompatibility quantity becomes zero. The constitutive equations for the isotropic material are given by
( )
1 ,
where E is Young's modulus and G = E/2 (1 + ν). The equilibrium equation, ∂ j σ ij = 0 , and the substitution of Eqs. (5)- (7) into Eq. (4) lead to ( )
This is the stress equation of compatibility. From Eqs. (1)- (3) this shows that the Airy stress function is biharmonic:
where
. This result will allow us to use Goursat expression in Section 4.
Equations (1)- (3) show that the stress is determined by the corresponding stress function. Thus, the differential geometric structure of the stress function surface restricts the geometric aspect of various stress phenomena, such as the occurrence criterion and the stress field of a fault.
Stress and curvatures
Typically, the geometric structure of a surface is characterized by two curvatures: a Gaussian curvature and a mean curvature. These curvatures can be used to express the geometric structure of the stress function surface, χ(x, y). Let χ(x, y) be a surface in three-dimensional Euclidean space. The matrix of the first fundamental form can be recognized as the identity matrix, because the partial derivative of χ corresponds to the force and we considered χ embedded in the Euclidean space. Thus, the Gaussian curvature K and the mean curvature H of χ(x, y) are given by 2 (
) ,
The mean curvature is extrinsic, so we should refer the higher dimension space in which the stress function is embedded. On the other hand, the Gaussian curvature is intrinsic, i.e., it can be defined without reference to the higher dimension space. In this case, the Gaussian curvature permits us to distinguish four kinds of points on a surface as follows. Let p be a point on a Airy stress function surface. We say that: 
Stress equations of compatibility (8) and Eq. (13) show that ΔH = 0. That is, the mean curvature of the Airy stress function surface is a harmonic function. The combination of (12) and (13) 
This is a formula frequently used in this paper. Generally, the Gaussian and mean curvatures satisfy H 2 ≥ K with equality only at umbilic points. A formula related to expression (14) is the geometric energy density of the surface (Pottmann et al. 2009 ):
The geometric energy density (Eq. (15)) is the isotropic counterpart of the Willmore energy density. Since a sphere has zero Willmore energy, this is a measure of how much a given surface deviates from a sphere (Willmore 1996) . Now, the deformation energy density is given by E D = (1/2)σ ij e ij . From Hooke's law and Eqs. (12) and (13), E D , in terms of the curvatures, is
where μ is the Lamé constant and ν is the Poisson's ratio. Comparisons between (15) and (16) demonstrate that E L corresponds to the normalized E D for K.
Principal stresses and principal curvatures
We considered the stress function for principal stresses σ 1 and σ 3 . This is given by χ = (1/2)(ay 2 + bx 2 ), where a and b are constants. From (1), (2), and (3), we have σ xx = a, σ yy = b, and τ xy = 0. Let a ≥ b, i.e., σ xx = σ 1 and σ yy = σ 3 . In this case Eqs. (12), (13), and (14) become
The well-known results from the differential geometry are
where κ 1 and κ 2 are principal curvatures. By comparison, it can be seen that the principal stresses are the principal curvatures of the stress function surface. This correspondence was previously pointed out by Pottmann et al. (2009) . The relationship between the principle stresses and the principal curvatures provides the differential geometric expression of the principal stresses:
The non-zero invariant quantities (i.e., quantities that are independent of the coordinate system selected) in the plane deformation are I 1 = σ 1 + σ 3 and I 2 = σ 1 σ 3 . Thus, Eqs. (23) and (24) show that the invariant quantities in the elasticity correspond to invariant quantities in the differential geometry; specifically I 1 and I 2 correspond to the mean curvature H and the Gaussian curvature K, respectively. Therefore, the I 1 = 0 case is the physical expression of the stress function surface as the minimal surface (H = 0). The I 2 = 0 case is the physical expression of the stress function surface as the developable surface (K = 0). That is, when either of the principal stresses is zero, the stress function surface that can be realized is restricted to four types: planes, cylinders, cones, and tangent developable surfaces.
From the results described above, we suggest an intuitive interpretation of the stress condition often used in geophysics. For example, χ(x, y) for uniaxial compression (σ 1 > 0 and σ 3 = 0) and uniaxial tension (σ 1 = 0 and σ 3 < 0) is the developable surface; χ(x, y) for pure shear (σ 1 = -σ 3 ) is the minimal surface; χ(x, y) for hydrostatic compression (σ 1 = σ 3 = 0) is the plane.
OCCURRENCE CRITERION OF A FAULT AND CURVATURES
Mohr's stress circle
Based on the results of the previous section, we considered the occurrence criterion of a fault from the viewpoint of differential geometry. Because the occurrence criterion is related to Mohr's stress circle, we begin by expressing Mohr's stress circle in terms of the curvatures.
The ordinary Mohr's stress circle can be derived as follows. The rotational transformation of stresses with respect to the {x, y} coordinates to the stresses with respect to {x′, y′} is performed via the equations cos 2 sin2 2 2 
where θ is the rotation angle between the two coordinate sets. When the {x, y} coordinate is the principal stress system, Eqs. (25) and (27) give the ordinary Mohr's stress circle:
where we set σ x′x′ = σ and τ x′y′ = τ. From Equations (17)- (19), Mohr's stress circle can be described as the relationship between the curvatures of the stress function surface:
Because the center and radius of Mohr's stress circle are (H, 0) and
− , respectively, the geometric property of Mohr's stress circle is essentially determined by the curvatures of the stress function surface. The fault type is expressed as the size of the values of curvatures. For example, the center and the radius of Mohr's circle for normal faults is smaller than those of reverse faults. This means that H and H 2 -K related to normal faults are smaller than those related to reverse faults. Moreover, the maximum values of the principal curvature for the normal faults correspond to the minimum values of the principal curvature for the reverse faults.
Coulomb's failure criterion
The occurrence criterion of a fault is expressed by the geometric relationship between Mohr's stress circle and the envelope line for a failure condition. This paper will use two well-known criteria from rock mechanics: Coulomb's criterion (in this subsection) and Mohr's criterion (in the following subsection). The combination of Mohr's stress circle with the Mohr and Coulomb failure criteria provides not only a valuable understanding of the stress conditions at failure, but also a very powerful tool for geotechnical analysis (Parry 2004) .
According to Coulomb's criterion, rock fracture becomes possible once the combination of shear stress and effective normal stress, τ -(tan φ) σ , attains a critical value, c:
Physically, φ is the angle of internal friction and c is the cohesion. When the line described by Eq. (30) is in contact with the circle described by Eq. (29), rock fracture becomes possible. In this case, the discriminant gives 2 tan cos
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That is, when the curvatures satisfy the condition (31), rock fracture becomes possible. Consider the cohesionless case: c = 0. In this case, the condition (31) can be rewritten in term of the geometric energy (15):
This shows that the coefficient of friction, tan φ, is the physical expression of the geometric energy of the stress function surface in the cohesionless case. That is, the cohesion can be quantitatively described as the deviation from the equivalence (32). Moreover, (32) means that the geometric energy has an upper limit because of the limit of the angle φ imposed by geophysics (e.g.,
Mandl 1988).
The angle of internal friction, φ, is related to the orientation of a fault plane. The slip elements form well-defined angles with the σ 1 -axis:
For example, φ = 52° in one laboratory experiment (Mogi 1967 ) predicts an angle θ = 19°. This is consistent with the angle 20.8° measured by the experiment (Mogi 1967) . Because φ falls in most cases between 20° and 45°, Eq. (32) shows that the energy E L takes lower values.
From (15), this means that the orientation of the fault plane is in the neighborhood of the umbilical point (H 2 = K) of the stress function surface. That is, the effect of the cohesion on the orientation can be quantified as the deviation from the umbilical point.
Mohr's failure criterion
Although Coulomb's criterion (30) agrees well with experiments, it is assumed to be a straight-line condition. In more realistic cases, this criterion is expressed as a curved line (i.e., Mohr's failure criterion). In this paper, we consider the following parabolic type:
where σ T is the failure stress. When the parabola described by Eq. (33) is in contact with the circle described by Eq. (29), we obtain 2 4 4
Moreover, because the coordinate of the contact point should be a real number, we obtain
From (34) and (35), the rock failure condition is expressed as the relationship between the curvatures:
Because the mean curvature is extrinsic and the Gaussian curvature is an intrinsic quantity, Eq. (36) seems to show that the failure condition is determined not only by the intrinsic quantity (e.g., metric) of the stress function surface, but also by its embedding in higher-dimensional space. However, at the umbilical point (H 2 = K), Eq. (36) becomes K > 0. This means that the failure condition depends only on the sign of the Gaussian curvature at the umbilical point.
Curvature perturbation
The perturbation of a stress state, such as pore fluid pressure, sometimes controls the occurrence criterion of a fault (or an earthquake). Because the stress state is formulated by the curvatures of the stress function surface, the perturbation of the stress state corresponds to the perturbation of the curvatures. In this section, we consider the effect of the perturbation of curvatures on the rock failure condition.
In this paper, the perturbation of curvatures is formulated by adding a term to the curvature:
In this case, the radius of Mohr's circle is transformed as follows:
As an example, we consider the effects of pore fluid pressure on fracturing and frictional sliding of a fault plane. The presence of pore fluid causes a rock to behave as though the confining pressure were decreased by an amount equal to the pore fluid pressure. In this case, the Mohr's stress circle is of the same size as for the applied stress, but it is shifted along the normal stress axis towards smaller compressive stresses by an amount equal to the pore fluid pressure (Twiss and Moores 1992) . Thus, we can express this effect as the shift distance of the center of the circle, d c . If d c is large enough, the circle will intersect the failure criterion and a rock failure will occur, although the size of the shear stress may be much too low to produce failure in a dry rock (Park 1997 ). From the transformation described above, this corresponds to the case of δR = 0 and δH = -d c . That is, under the
These are differential geometric expressions of the effect of the pore fluid pressure on the rock failure.
GOURSAT EXPRESSION AND CURVATURES
In the next section, we suggest the differential geometric interpretation of the stress field of a fault. It is convenient for the analysis of a crack including a fault to introduce the Goursat expression of stress functions. Thus, in this section, we consider the differential geometric aspect of the Goursat expression.
Goursat expression of the Airy stress function
As mentioned in Section 2, the Airy stress function satisfies the biharmonic equation. The general form of the solution of the biharmonic equation in two-dimensional space has been established by Goursat using the apparatus of functions of the complex variable z = x + iy. The general solution of the biharmonic equation is found in the forms 
The sequential integral of (42) gives 
Then we obtain Eq.
(41). That is, the Goursat expression (41) is the general solution of the biharmonic equation (42).
This paper deals with an isotropic body, so the concrete forms of ϕ and ψ are given by 
where ω is the rotational component of strain.
The proof of Eqs. (45)- (47) is as follows. Let u and ν be the displacement components in the x and y direction, respectively. In that case, the geometric equations are given by
Moreover, we consider the forces P x and P y defined by
From these equations and the constitutive equations (5)- (7), we obtain 
Similarly, we obtain ( )
From Eqs. (54) and (55) 
Equation (56) shows that F 1 is a function of z. Then, we express it as
From this equation and (56), we obtain (45). Similarly, F 2 takes the form zϕ′ + the function of z. Then, we express it as
From this equation and (57), we obtain (46) and (47).
Goursat expression of curvatures
Based on the equations obtained in the previous section, we consider the Goursat expression of the curvatures. From (45) to (47), the Goursat expressions of the stress are given by
[ ]
where ℑ[ … ] is the imaginary part of [ … ] . Thus, (12) and (13) yield the Goursat expression of the curvatures:
Equation (65) (66) shows that the vanishing condition of the mean curvature corresponds to the case of pure shear: σ xx = -σ yy . Because the principal stresses (i.e., the principal curvatures) are often used in actual analysis, let us consider the Goursat expression of this case. In the coordinate system of the principal stresses, we have τ xy = ℑ[φ ″] = 0. This condition imposes constraints on the relationships between curvatures:
Thus, from (23) and (24), we obtain the Goursat expression of the principal curvatures
where i = 1 and 2. Therefore, the umbilic point H 2 = K corresponds physically to ℜ[φ ″] = 0, i.e., σ 1 = σ 3 . This is consistent with a known fact of differential geometry; that is, we have κ 1 = κ 2 at the umbilical point.
For example, we consider the case in which the shear stress is applied to a rectangle fixed on the wall. This is the simplification of the deformation problem of the continent due to the subduction of the plate. The size of the rectangle is 0 ≤ x ≤ 1 and -1 ≤ y ≤ 1. The wall lies along the y-axis at x = 0. In that case, the analytic functions are given by ϕ = 2i(z 3 -3z
2 ) and ψ = -i(z 4 -2z 3 + 12z 2 ). Therefore, from Eqs. (62)- (64), the stresses are given by σ xx = 48(1 -x)y, σ yy = 0 and τ xy = 24(y 2 -1). From (65) and (66), the corresponding curvatures are given by K = -{24(y 2 -1)} 2 and H = 24(1 -x)y. Therefore, the vanishing points of the normal stress (x = 1 or y = 0) correspond to the hyperbolic points H = 0, i.e., K < 0. The vanishing points of the shear stress, y = ±1, correspond to parabolic or plan points, K = 0.
STRESS FIELD AROUND A FAULT (DISLOCATION) AND CURVATURES
Based on the Goursat expression described in the previous section, we consider the stress field around a fault (dislocation) from a differential geometry viewpoint. Following previous papers (e.g., Shimbo 1995, Yamasaki 2005) , we take up the Volterra expression of a fault: the Volterra dislocation around an isolated singularity point in the infinite plane. In this expression, the term "fault" means "dislocation (Burgers vector)", and the term "rotational fault" means "the rotational dislocation (Frank vector)". Generally, the analytic functions for an isolated singularity at the origin are given by
where L is a real number and the other coefficients are complex numbers. Let ξ be the dislocation of the strike-slip fault, and η be the dislocation of the dip-slip fault. In this case,
and the other coefficients L and O can be neglected. Therefore, we have
From (65) and (66), the corresponding curvatures are given by
where r 2 = x 2 + y 2 . Equation (73) shows that the Gaussian curvature of the strike-slip fault (the edge dislocation), η = 0, is negative for x > y, zero for x = y and positive for x < y. In contrast, the Gaussian curvature of the dipslip fault (the screw dislocation), ξ = 0, is positive for x > y, zero for x = y and negative for x < y. That is, the sign of K of the strike-slip fault (the edge dislocation) is opposite to that of the dip-slip fault (the screw dislocation). In other words, at any point with x ≠ y, the type of the fault (dislocation) corresponds to the type of the stress function surface such as hyperbolic (K < 0) or elliptic (K > 0). The geometric energy related to a fault (dislocation) is obtained by applying Eqs. (15) to (73) and (74):
Moreover, E L for the dip-slip fault (the screw dislocation) and for the strikeslip fault (the edge dislocation) are given by 2 2 2 2 2 2
Equation (75) shows that the geometric energy is independent of the physical properties, such as Young's modulus of the crust-material space. Under ordinary circumstances, the fault (dislocation) develops across the area consisting of multi-property rocks. Thus, as the property invariant, the geometric energy E L can be used to study and compare faults in different areas, regardless of the physical property of the areas. Next, we consider the stress field caused by the rotational singularity.
Let ϖ be the rotational dislocation -a constant real value. In this case, the coefficients of Eqs. (69) and (70) 
From (65) and (66), the corresponding curvatures are given by 2 2 2 (log 1)(log 3) 8π
Therefore, the geometric energy of the rotational fault (dislocation) is also independent of the physical properties just like Eq. (75):
One of the merits of the Goursat expression is that we can use the superposition principle. For instance, the stress field caused by the dislocation and the rotational dislocation is given by the superposition of Eqs. (71) and (72); (76) and (77):
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log 0 log 8π 8π
Therefore, the corresponding curvatures and the geometric energy are given by
4 2 2 2 2 (log 1)(log 3) K r r r 
Parameters K 1 and H 1 are related to the dislocations η and ξ; K 2 and H 2 to the rotational dislocation ϖ; and K 3 to the interaction among η, ξ and ϖ. It is hard to derive these curvatures, especially the interaction term K 3 , without using the superposition principle. In other words, the merging of the Goursat expression and the superposition principle is expected to be useful to solve the complicated geophysical problems. Moreover, Eq. (85) shows that the geometric energy for the superposition is also independent of the physical properties.
RELATION TO CONTINUUM THEORY OF FAULTS AND A SUBJECT FOR FUTURE STUDY
As mentioned in the Introduction, previous studies of the differential geometric structure of faults have been based on the continuum theory of faults (defects) . In this section, we discuss the results of this study in relation to the continuum theory of faults, and suggest a subject of future study.
In the continuum theory of faults, the incompatibility, R, plays an important role (e.g., Yamasaki and Nagahama 1999, 2002) . This is given by apply-ing the incompatibility operator ε ik ε jl ∂ k ∂ l , where ε ij is the Eddington epsilon, to the strain e ij :
where R is the incompatibility. Since the concrete forms of the Eddington epsilon are ε xy = 1, ε yx = -1 and ε xx = ε yy = 0, Eq. (91) gives the ordinary compatibility equation when R = 0 such as Eq. (4): ∂ y ∂ y e xx + ∂ x ∂ x e yy -∂ x ∂ y γ xy = 0.
In other words, when R ≠ 0, the compatibility equation cannot be satisfied, i.e., the eigenstrain emerges. Applying the incompatibility operator to the stress function leads to
This is a general expression of Eqs.
(1)-(3). Equations (91) and (92) show the eigenstress and the ordinary stress caused by the eigenstrain and the stress function, respectively. Thus, it is found that the incompatibility operator leads the stress field in the continuum theory of faults as well as stress function theory. Next, we consider the relationship between the continuum theory of faults and the stress function. For this, we consider the relationship between the incompatibility R and the stress function χ. In isotropic materials, χ is related to R through the Young's modulus E:
Now, from (10) and (11), the Gaussian curvature and the mean curvature are given by
where ( 
It is found from Eqs. (93)- (95) that the incompatibility of material space restricts the curvatures of the stress function surface. In this paper, we consider the ordinary simple case of a biharmonic stress function. From Eq. (93), this means that R = 0. Physically, this corresponds to the case of a single fault (e.g., Yamasaki and Nagahama 2002) . In fact, we consider only one singularity point in Section 5. However, as suggested by the continuum theory of faults (e.g., Yamasaki and Nagahama 2002), we can take up the multiple faults based on the condition R ≠ 0. Therefore, we must use the non-biharmonic stress function to handle the differential geometric structure of the stress field around multiple faults.
The incompatibility tensor often used in the continuum theory of faults is not a scalar but a (curvature-like) tensor (e.g., Yamasaki and Nagahama 1999) . This analysis begins with the generalization of Eq. (91):
In a similar fashion, it is interesting to extend the stress function to the tensor form (i.e., the curvature tensor and the torsion tensor of the stress function surface). For example, if the electromagnetic field, neglected in this paper, exists, we should consider the effect of the Maxwell stress: σ ij = ε ikl ε jmn ∂ k ∂ m χ ln (e.g., Yamasaki and Nagahama 2002) . In this case, the stress function is essentially a tensor, so it is expected that the corresponding geometric objects extend beyond the scalar quantity. Moreover, the solid mechanics in this paper is included under the symmetric continuum mechanics. However, in earthquake source zones, the effects of asymmetric deformation quantities play an important role (e.g., Teisseyre 2009 , 2010 , Teisseyre and Górski 2009 . Therefore, it is also interesting to consider the geometric structure of the stress function surface in asymmetric continuum mechanics.
CONCLUSIONS
The stress is determined by the corresponding stress function. Thus, the differential geometric structure of the stress function surface restricts the geometric aspect of the various stress phenomena. We derived the curvatures of the stress function surface related to the differential geometric structure of the stress phenomena related to a fault. The following conclusions were derived:
The principal stresses are the principal curvatures of the stress function surface. In this case, the invariant quantities in elasticity, I 1 and I 2 , correspond to the invariant quantities in differential geometry, namely, the mean curvature H and the Gaussian curvature K, respectively. Moreover, it is found that the Airy stress function surface is one with the harmonic mean curvature. Application of Coulomb's failure criterion showed that the coefficient of friction is the physical expression of the geometric energy of the stress function surface. In the cohesion-less case, the orientation of the fault plane is in the neighborhood of the umbilical point of the stress function surface. Application of Mohr's failure criterion showed that the rock failure condition is expressed as the relationship between the curvatures of the stress function surface.
We suggest the differential geometric expression of the Goursat formula of the stress function surface. This approach allows us to consider the stress field around the fault (dislocation), the rotational fault and their superposition. It is found that the fault (dislocation) type corresponds to the type of the stress function surface at any point with x ≠ y. Moreover, the geometric energies related to the fault, the rotational fault and their superposition are independent of the physical properties of the crustmaterial space. These conclusions have been reached under the assumption that the stress function satisfies the following ordinary conditions: (I) χ is a biharmonic function, (II) χ is a scalar function. In some cases, such as earthquake source zones, the crust-material space includes the incompatibility and effects from the asymmetric deformation quantity. Moreover, there is some theoretical interest in the interaction between the deformation field and the electromagnetic field. In these cases, conditions (I) and (II) do not hold true. Thus, it would be interesting to consider the differential geometric structure of the non-biharmonic stress function tensor as a subject of future study.
